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1.1 ( )
4 2
12 = 5 + 7, 16 = 5 + 11, 36 = 7 + 29, · · · · · ·
1.2 ( )
p p+ 2
3 5 5 7 11 13 17 19, 29 31 41 43 · · · · · ·
( ) Binary Cubic Forms 2016 5 2 3 / 25
2( ) Binary Cubic Forms 2016 5 2 4 / 25
22.1
3 a, b, c (a 6= 0) x
ax2 + bx+ c = 0
2 D = b2 − 4ac
2 2
2x2 − 2x− 3 = 0,
x2 − 4x− 3 = 0
(−2)2 − 4× 2× (−3) = 4 + 24 = 28,
42 − 4× 1× (−3) = 16 + 12 = 28.






(D = b2 − 4ac)
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− 22X + 1
X + 1
− 3 = 0,
2(2X + 1)2 − 2(2X + 1)(X + 1)− (X + 1)2 = 0,
8X2 + 8X + 2− 4X2 − 6X − 2−X2 − 2X − 1 = 0,
X2 − 4X − 3 = 0. (2 )
1 2
x y
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2 2
2.2
3 a, b, c x, y 2
f(x, y) = ax2 + bxy + cy2
2 2 D(f) = b2 − 4ac
D(f) < 0 a > 0
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2 2
28 2 2 2
f(x, y) = 2x2 − 2xy − 3y2,
g(x, y) = x2 − 4xy − 3y2
f(x, y) x 2x+ y, y x+ y
f(2x+ y, x+ y) = 2(2x+ y)2 − 2(2x+ y)(x+ y)− 3(x+ y)2
= 2(4x2 + 4xy + y2)− 2(2x2 + 3xy + y2)
− 3(x2 + 2xy + y2)
= x2 − 4xy − 3y2 = g(x, y).
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2 2
a, b, c a, b, c
2 2 2
f(x, y) = ax2 + bxy + cy2, g(x, y) = a′x2 + b′xy + c′y2
p, q, r, s ps− qr = 1
(x, y) 7→ (px+ ry, qx+ sy)
g(x, y) = f(px+ ry, qx+ sy)
f(x, y) g(x, y)
f(x, y) ∼ g(x, y)
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2.3
2 2 2 f(x, y), g(x, y)
D(f) = D(g)
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2 2
2 2
f(x, y) = 34x2 − 42xy + 13y2
D(f) = 422 − 4× 34× 13 = −4
g1(x, y) = f(y,−x) = 13x2 + 42xy + 34y2
g2(x, y) = g1(x− 2y, y) = 13(x− 2y)2 + 42(x− 2y)y + 34y2
= 13x2 − 10xy + 2y2,
g3(x, y) = g2(y,−x) = 2x2 + 10xy + 13y2,
g4(x, y) = g3(x− 2y, y) = 2(x− 2y)2 + 10(x− 2y)y + 13y2
= 2x2 + 2xy + y2,
g5(x, y) = g4(y,−x) = x2 − 2xy + 2y2,
g6(x, y) = g5(x+ y, y) = (x+ y)
2 − 2(x+ y)y + 2y2
= x2 + y2.
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34x2 − 42xy + 13y2 ∼ x2 + y2.
−4 2 2
x2 + y2
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2 2
m 6= 0 m
2 2
h f1(x, y), . . . , fh(x, y) m 2
2 fi(x, y)
h h = h(m) m 2 2
−4 2 2 x2 + y2
h(−4) = 1
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f(x, y) = x2 − 2y2 D(f) = 8
p = 3, q = 2, r = 4, s = 3
ps− qr = 3× 3− 2× 4 = 9− 8 = 1
f(3x+ 4y, 2x+ 3y) = (3x+ 4y)2 − 2(2x+ 3y)2
= 9x2 + 24xy + 16y2
− 2(4x2 + 12xy + 9y2)
= x2 − 2y2 = f(x, y).
f(x, y)
D(f) > 0
D(f) < 0 2 4 6
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2 2 (1777–1855)
2.4 (Baker, Stark 1966)
h(m) = 1 m 9
−3, −4, −7, −8, −11, −19, −43, −67, −163.
2.5
h(m) = 1 m
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2 3
3.1
4 a, b, c, d x, y 3
f(x, y) = ax3 + bx2y + cxy2 + dy3
2 3
D(f) = b2c2 + 18abcd− 4ac3 − 4b3d− 27a2d2
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2 3
2 2 3
f(x, y) = ax3+bx2y+cxy2+dy3, g(x, y) = a′x3+b′x2y+c′xy2+d′y3
p, q, r, s ps− qr = 1
(x, y) 7→ (px+ ry, qx+ sy)
g(x, y) = f(px+ ry, qx+ sy)
f(x, y) g(x, y)
f(x, y) ∼ g(x, y)
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2 3
2 2 2 2 3 f(x, y)
g(x, y)
D(f) = D(g)
m 6= 0 m
2 3
h f1(x, y), . . . , fh(x, y) m 2
3 fi(x, y)
h h = h(m) m 2 3
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f(x, y) 1 3
2 3 m
h1(m), h2(m) hˆ1(m), hˆ2(m)
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2 3
f(x, y) = x3 + 3x2y − y3
D(f) = −4× 33 × (−1)− 27(−1)2 = 4× 27− 27 = 81.
f(−x− y, x) = (−x− y)3 + 3(−x− y)2x− x3
= −x3 − 3x2y − 3xy2 − y3
+ 3x3 + 6x2y + 3xy2 − x3
= x3 + 3x2y − y3 = f(x, y).







3h1(m) + h2(m) = hˆ(−27m).




( ) Binary Cubic Forms 2016 5 2 23 / 25
[3]
( ) Binary Cubic Forms 2016 5 2 24 / 25
[1] 2 2012
[2] J. Nakagawa, On the relations among the class numbers of binary






( ) Binary Cubic Forms 2016 5 2 25 / 25
